
Hyperbolic Functions


Circular Trig Functions








Area of circle: 

Portion of circumference included in red sector:

	 


Area of sector in red:

	 


	 


	 


	

πr2

t
2πr

t
2πr

=
x

πr2

x =
t ⋅ πr2

2πr
x =

t ⋅ r
2

=
t ⋅ 1

2
x =

t
2

t

1
(cos t, sin t)

x2 + y2 = 1

cos2 t + sin2 t = 1

t

x2 − y2 = 1 x ≥ 1

cosh2 t − sinh2 t = 1 = r

(cosh t, sinh t)

Area =
t
2

Angle = t

Figure 1

a b

Figure 2

Hyperbolic Trig Functions


Note that, in general, cosh2t - sinh2t = r2 
and x = r cosht where r is a constant 
representing the distance from the 
origin to the apex of the hyperbola. In 
this case, r = 1.
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But    so


  which, of course, is true


Recall, though, that we defined the x and y coordinates of the hyperbolic function as


x = cosh t  and  y = sinh t


Therefore,
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Finally,


	 and	 


Thus,


  and  


The area between the x-axis, the left-hand margin of the hyperbola and a line connecting the 
origin to the point (cosh t, sinh t) on the hyperbola determines the input angle for the hyperbolic 
trig functions Here, we derive this value.
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In figure 3, the area that determines the hyperbolic trig function input function is given by A1. To 
find this area, we find the area of the triangle from the origin, (0,0) to b to (x,y) and subtract the 
area of A2. 


The area of triangle is its base times its height. The length of its base is x and its height is y so its 
area, ATr is











Now we need to find A2. We know that
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We have to convert our limits of integration from the x variables to t variables. At , our 
angle is  and at , our angle is . Thus,  and . Since our limits of integration are 
in terms of , we’ll change the exponential exponents from  to . We have
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Now we need to put both pieces together:
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Therefore,
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